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Abstract 
In this paper, the following results are obtained: 
a(G) + B(G) G P + 1, rd21 S4GM(G)> 
[p/21 6 a’(G) + B’(G) G P, 
a’(G) + cr’(G)<2[p/21 (631) 
and all bounds are sharp, where p= IV(G)/, [xl denotes the smallest integer greater than or 
equal to x, a(G) is the vertex arboricity, a’(G) is the edge arboricity, r’(G) is the edge covering 
number, p(G) is the vertex independent number, j?‘(G) is the edge independent number, and 6 
is the minimum degree of G. 0 1998 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
The chromatic number, independent number, covering number and arboricity are 
important invariants of graphs. However, it is very difficult to determine them. So, 
studying relations among these invariants has practical as well as theoretical meaning. 
These concepts are well known, so we omit the definition here. 
Definition 1 (Cupobianco and MolZuzzo [3], Jimfang [5] and Poh [7]). A vertex ar- 
boricity partition of graph G is V = IJ:=, 6 such that the induced subgraphs G[ E] of 
F$ (i= 1,2,..., n) contain no cycle, and the minimum such n is called the vertex ar- 
boricity of G, denoted by a(G). 
Similarly, define edge arboricity a’(G) [ 1, 71. 
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The concept related to the independent number and covering number is arboricity. 
In this paper, we discuss some relations between arboricity and independent number. 
Graphs in this paper are all finite simple graphs. The other terms and signs can be 
found in [3, 41. 
2. Main results 
Theorem 1. For any graph G( V,E) of order p, we have 
a(G) + P(G)<p + 1, 
and the bounds are sharp. 
Proof. Let G be a graph. At first, a(G) does not decrease if we add an edge to G. 
Let H be a graph satisfying (1) G is a spanning subgraph of H; (2) P(G) = P(H); (3) 
H contains as many edges as possible under the condition (2). Thus H has a unique 
configuration, that is, the joint of the complete graph &-b(o) and the clique Q(o). It 
is easy to see that a(H) = [(p - p(G) + 1)/21. 
Now a(G) + P(G) <a(H) + P(H) < [(p - P(G) + 1 j/21 + P(G). Clearly B(G) d p, 
and this implies the first inequality. 
For the second inequality, we divide V(G) into a(G) subsets so that each subset 
induces a forest. If we fix one of these subsets, it is obvious that we can take at 
least half the vertices of the subsets as independent set of G. This means P(G) is no 
less than half of the maximum size of these subsets, thus P(G) > V(G)/2a(G), which 
implies the second inequality. 
For the graph G = q, the first inequality is sharp. For the graph G = KP, the second 
inequality is sharp. ??
Lemma 2. pa2p(G). If p#2J’(G) + 1, then [E(G)1 <P’(G)(p - 1). 
Proof. Let k =/3’(G). Since we have k independent edges in G, the first inequality 
follows. If p = 2k, then IE( G)I < p( p - 1)/2 = k(p - 1). If p > 2k + 1, then let S 
be the set of vertices that are not covered with the independent edges. Then, by the 
maximality of /3’(G), there exists no edge between two vertices in S. Let e be an edge 
in the set of independent edges. Then, by the maximality of the independent edges, 
either one of the following holds: (1) one of the ends of e has no adjacent vertex in 
S, or (2) each of the ends of e has a unique adjacent vertex in S, which coincides for 
the both. 
Thus, for each e, the number of edges adjacent to both e and S is at most max(2, ISI}, 
which equals ISI by the assumption p > 2k + 1. Thus, the number of edges joining G-S 
and S is at most klS[, which implies ]E(G)I <2k(2k - 1)/2 + kl,S =k(p - 1). 0 
Proof. At first, we prove the left inequality by the following two cases: 
Case 1. If p#2/?‘(G)+ 1. 
It is easy to see that a’(G ) > IE( G)I/( p - 1). According to the above inequality and 
Lemma 2, have 
P(G)1 
a'(G) + P’(G) b - 
P-l 
+ Pm = p 
p-l 2’ 
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Theorem 3. For any graph G, we have 
11 
f <a’(G) + P’(G)<p 
and the bounds are sharp. 
Case 2. If p = 2/?‘(G) + 1. 
Since a’(G)>IE(G)l/(p - 1) and /?‘(G)=(p - 1)/23 IE(G)l/p, it follows that 
a’(G) + P’(G)> IE(G)l/p + jE(G)l/p = (p - 1)/2. This is equivalent to a’(G) + /Y(G) 
3 rp/21. 
For the right inequality, since a’(G) < [p/21, and P’(G) 6 [p/21, it is easy to see 
that the inequality follows. 
If G =q, then the left inequality becomes the equality. If G = Kp or Pp, then the 
right inequality is sharp. 0 
Lemma 4. Let G be a critical graph with edge arboricity k. This means G contains 
no proper subgraph with edge arboricity k. Then we have 
(1) IE(G)I=(p-l)(k-l)+l, 
(2) Any graph r has a critical subgraph with the same edge arboricity a’(r). 
Proof. Point (2) is obvious. For (1 ), we use Nash-Williams’ Theorem: k = a’(G) = 
max{ MfM UO - 111 IH < GI. Th e maximum is not attained for any proper 
subgraph H, since otherwise, H has the arboricity k. Thus, the maximum is attained 
only for H = G. If we remove one edge of G, then a’(G) must decrease at least one. 
This means 
The equality and inequality imply IE(G)I - 1 =(p - l)(k - 1). ??
Theorem 5. Let G be a graph with 6(G) > 1; then 
x’(G) + a’(G)<2 + 
11 
and the bound is sharp. 
282 Z. Zhang et al. IDiscrete Applied Mathematics 87 (1998) 279-283 
Proof. Let H be a critical subgraph of G. Put q(H)= IE(G)I and p(H)= IV(G)I, as 
usual. First we show P’(H)>a’(H) if p(H) # 2/?‘(H)+ 1, and show /?‘(H)>a’(H)- 1 
for any case. 
If p(H) # 2/Y(H) + 1, then from Lemmas 2 and 4, it follows that 
(p(H) - 1 )(a’(H) - 1) + 1 = q(H)@‘(H)(p(H) - 1) 
and this implies a’(H) - 1 </I’(H), i.e. /I’(H) au’(H). If p(H) =2/?‘(H) + 1, then 
from Lemma 4 we have 
(p(H) - l)(a’(H) - 1) + 1 =q(H)dP’(H)(2P’(H) + 1) 
and by dividing by p(H) 
W’(H) - 1) + P’(H) -. 1<2(P’(H) + 1) 
and hence 
u’(H) - 1 Q’(H). 
Obviously, p’(G) 2 B’(H). From a well-known equality a’(G) + P’(G) = p(G), we 
have a’( G)+a’( G) = p( G)-(/_I’( G)-a’( G)) and it is enough to prove ( 1) p’(G) 3 u’(G) 
for p(G)=O(mod2), (2) B’(G) - a’(G)>-1 for p(G)-l(mod2). Since p’(G) 
- u’(G) >P’(H) - u’(H), the problem lies only in the case that p(G) c 0 (mod 2), 
P’(G)= P’(H) and P’(H)=u’(H) - 1. We shall show that this does not happen. Put 
k = P’(H). Then from the latter equality p(H) = 2k+ 1 must hold. Thus p(G) # p(H), 
and hence we may assume at least one vertex v lies in V(G) - V(H). Since there is 
no isolated vertex in G and /I’(G) = P’(H), u h as an edge to V(H). Let u be the other 
side of this edge. If H - u has a set of independent edges of size k, then it leads to a 
contradiction /Y(G) = k + 1 # p(H). S’ mce H is critical, /E(H)/ = (p(H) - l)(u’(H) 
- 1) + 1 = 2k2 + 1. Thus, H is obtained from Kzk+i by removing k - 1 edges, and 
H - u is obtained from K2k by removing at most k - 1 edges. However, K2k has 
a factorization consisting of (2k - 1) disjoint l-factors. So, H - u has at least one 
l-factor, leading to a contradiction. 
For the path Pp of order p and the complete graph Kp (p > 2), the bound is sharp. 0 
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